UNCOUNTABLE FAMILIES OF PRIME z-IDEALS IN Co(R) 
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Abstract. Denote by c = 2*^" the cardinal of continuum. We construct an 
intriguing family (Pq : a S c) of prime 2-ideals in Co(]Il) with the following 
properties: 

• If / G PiQ for some iq £ c, then f & Pi for all but finitely many j g c; 

• Cli^ig Pi € Pio each 10 G c. 

We also construct a well-ordered increasing chain, as well as a well-ordered 
decreasing chain, of order type k of prime 2;-ideals in Co(R) for any ordinal k 
of cardinality c. 



1. Introduction 

Let be a locally compact space. In [5j, we introduced the notion of pseudo- 
finite family of prime ideals as follows. 

Definition 1.1. An indexed family {Pijies of prime ideals in Co(f^) is pseudo-finite 
ii f £ Pi for all but finitely many i e S* whenever / e IJies ^i- 

A pseudo-finite family {Pi : i £ 5) of prime ideals in Co{fl) has many interesting 
properties, for example, when 5' is infinite, the union IJjgg Pi is again a prime ideal 
and any infinite subfamily of (Pi) gives rise to the same union. 

A pseudo-finite family of prime ideals {Pi : i G S') is said to be non-redundant if 
for every proper subset T of S, HieT Clies Non-redundancy is equivalent 
to either of the following ([5l Lemma 3.4]): 

(a) Pa<^Pp {a^Pe S); 

(b) r\fi=ia ^ Pa for each aeS. 

Note that (a) is apparently weaker, whereas (b) is apparently stronger than the 
non-redundancy. Thus, in this case, HiGS Pi cannot be written as the intersection 
of less than \S\ prime ideals and \S\ < \Co{Q)\. Furthermore, for every pseudo-finite 
family of prime ideals, the subfamily consisting of those ideals that are minimal in 
the family is non-redundant and pseudo-finite and has the same intersection as the 
original family. 

The notion of pseudo-finiteness has a connection with automatic continuity the- 
ory. It is proved in 5j that, assuming the Continuum Hypothesis, for each pseudo- 
finite family {Pi : i G S) of prime ideals in Co(f2) such that |Co(r2)/ Higs -Pj | = 
there exists a homomorphism from Co{^) into a Banach algebra whose continuity 
ideal is Cli^g Pi- Recall that the continuity ideal is the largest ideal of Co{n) on 
which the homomorphism is continuous, and it is always an intersection of prime 
ideals (see [1 for more details). 
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Suppose that Q is metrizable and that ^ 0; see Sj2] for the definition. 

Examples of such spaces include many countable locally compact spaces and all 
uncountable locally compact Polish spaces. For such il, it is known that there 
exists an infinite non- redundant pseudo- finite sequence of prime ideals in Co(ri) 
([5]). Here, we are going to show that there exists even a non-redundant pseudo- 
finite family {Pi : i e c) of prime ideals in Co(l^) fTheorem l3.9|) . As a consequence, 
assuming the Continuum Hypothesis, there exists a homomorphism from Co(ri) 
into a Banach algebra whose continuity ideal cannot be written as intersection of 
countably many prime ideals. 

Note that when Q is metrizable and 9^°°^ri^ — 0, then every non-redundant 
pseudo- finite families of prime ideals in Co{Q) is finite and the continuity ideal of 
every homomorphism from Co(f2) into a Banach algebra is the intersection of finitely 
many prime ideals. {'B ) 

In [21 we shall construct, for every ordinal k of cardinality at most c, a well- 
ordered decreasing chain of order type k of prime z-filters on any uncountable 
locally compact Polish space. In particular, there exists a well-ordered decreasing 
chain of order type k of prime 2;-filters beginning with any non-minimal prime 
z-filters on R. (This was shown for k < wj, where uji is the first uncountable 
ordinal, in Theorems 8.5, 13.2 and Remark 13.2 of JBJ.) We also show that there 
are various countable compact subspaces of R on which there is a well-ordered 
decreasing chain of order type c of prime z-filters (c is identified with the smallest 
ordinal of cardinality c). 

In [3], it was asked whether there exists an uncountable well-ordered increasing 
chain of prime z-filters on R. We shall construct in [JSj for every ordinal k of 
cardinality at most c, a well-ordered increasing chain of order type k of prime 
z-filters on any uncountable locally compact Polish space. We also construct well- 
ordered increasing chains of order type c of prime z-filters on various countable 
compact subspaces of R. 

All three constructions have as a common ingredient the result due to Sierpinski 
that W can be expressed as the union of c "almost disjoint" infinite subsets. 

2. Preliminary definitions and notations 

For details of the theory of the algebras of continuous functions, see [2]. 

Let f2 be a locally compact space; our convention is that the topological spaces 
are always Hausdorff. The one-point compactification of is denoted by fl^ . 

For each prime ideal P in Co(r2), either there exists a unique point p e 51 such 
that f(p) = (/ G P), in which case, we say that P is supported at the point p; or 
otherwise, we say that P is supported at the (point at) infinity. 

It is an important fact that, for each prime ideal P in Co{il), the set of prime 
ideals in Co (51) which contain P is a chain with respect to the inclusion relation. 

For each function / continuous on il, the zero set of / is denoted by Z(/). Define 
Z[n] = {Z(/) : / e C{n)}. For each closed subset Z C 51, we have Z = Z(/) for 
some function / e Co (51) if and only if 51 \ Z is cr-compact. An ideal / of Co (51) is 
a z-ideal ii g £ I whenever g e Co(51), Z((7) D Z(/) and f & I. 

A z -filter .7-" on 51 is a non-empty proper subset of Z[51] that is closed under finite 
intersection and supersets. Each z-filter J- associates with the ideal 



Z-'[T]^{f eC{n): Z{f)eT} of C(51). 
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A z-filter 7^ is a prime z -filter if Z1UZ2 iP whenever Zi, Z2 e Z[n]\V. 

Let "P be a prime z-filter on fl. Then we say that V is supported at a point 
p € Q, if p ^ Z for each Z € V; ii there exists no such p, we say that V is supported 
at the (point at) infinity. The support point of each prime z-filter V coincides with 
the support point of the prime z-ideal Co(51) n Z^^[P]. 

Let Q he a. compact space. Define 9'-^-'f2 — dil to be the set of all limit points 
of O. Since Q is compact, 9f2 is non-empty unless fl is finite. We then define 
inductively a non- increasing sequence (9'^")$! : n G IN) of compact subsets of fl by 
setting = for each n G F. Set d^°°'^n = 0^=1^^"'^- By the 

compactness, either 8'^°°^^ is non-empty or S^'^fi is empty for some I G IN. 

A Polish space is a separable completely metrizable space. Every separable 
metrizable locally compact space is a Polish space. 

3. Pseudo-finite families of prime ideals and prime z-filters 

Let n be a locally compact space. First, we shall make a connection between 
pseudo-finite families of prime ideals and pseudo-finite families of prime z-ideals in 
Co{fl). For each closed subset E of fl, we define the z-ideal 

KE = {feCom : EcZif)}. 

The following is 3.3 and 3.4], we shall give here a combined proof. 

Lemma 3.1. [4] Let I be an ideal in Co{il). Then 

= {Ke ■ E is closed in and Ke C /} 

is the largest z-ideal contained in I. If I is a prime ideal then so is . 

Proof. It is easy to see that contains every z-ideal contained in /. Since the sum 
of two z-ideals is again a z-ideal, we see that 

= ^ {Ke ■ E is closed in ft and Ke C /} ; 

where the sum is algebraic. Thus is the largest z-ideal contained in I. 

Now, suppose that / is prime. Let /i, /2 G Co{fl) \ I^. Then there exists 51, 52 G 
Co(f7) \ / such that Z{g,) D Z{fi). Then 2(51^2) 3 Z(/i/2). The primeness of / 
implies that gig2 ^ /. So /1/2 ^ . □ 

The following strengthens the implication (a)=i>(c) of 5, Lemma 8.4]. 

Proposition 3.2. Let be a locally compact space. Let {Pi : i E S) be an infinite 
non-redundant pseudo-finite family of prime ideals in Co{^). Then P = IJjgg Pi is 
a prime z-ideal, and {Pf : i S) is a non-redundant pseudo-finite family of prime 
z-ideals whose union is P such that P^ d Pi (i €z S). 

Proof. We shall need another theorem of 4 which say that the sum of two non- 
comparable prime ideals in Co(r2) is indeed a prime z-ideal ([U 3.2]). 

We know that P must be a prime ideal. Assume toward a contradiction that P 
is not a prime z-ideal. Choose ai ^ a2 & S arbitrary. Then Pa^ + Pa2 is a prime 
z-ideal. Suppose that we already have distinct indices ai, an € S such that 
J2i=i Poii is a prime z-ideal. Then P ^ X^ILi ^"i' ^^'i '^'^'^ an-i-i G S 
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such that Pa„^i 't- X]r=i -^"i- "^^^ induction can be continued. However, this gives 
a contradiction since then 



is a z-ideal. Hence, P is a prime z-ideal. 

We claim that (Pf : i S S*) is a pseudo-finite family with union P. Indeed, 
assume toward a contradiction that there exists / G P and distinct q:„ e 5 (n G IN) 
such that / ^ P^^ (n G IN). For each n, we can then find /„ ^ P^^ such that 
Z(/„) D Z(/); we can further assume that < /„ < 2~". Define /, — Y^i=\ /«■ 
Then we see that /„ < /, so /, ^ Pq„ {n G IN), and that Z(/,) D Z(/) so /* G P. 
This is a contradiction to the pseudo-finiteness of (P; : i G S). 

It remains to prove the non-redundancy of [P^ : i E S). So, assume that 
P^ C Pp for some a ^ (3 E S . Then P^^ is contained in both P^ and P/3, and so Pq, 
and P^ are in a chain. This contradicts the non- redundancy of {Pi : i d S). □ 

Conversely, it is obvious that if {Qi : i G 5) is a pseudo-finite family of prime 
(z-)ideals and Pj is a prime ideal containing Qi and contained in IJ^g^ Qa G S) 
then {Pi : i G 5*) is a pseudo-finite family of prime ideals. 

We define a similar notion of pseudo-finite families of prime z-filters. 

Definition 3.3. An indexed family {Vi)i^s of prime z-filters is pseudo-finite if 
Z £ Vi for all but finitely many i G S whenever Z G [Ji^g Pi- 

A pseudo-finite family of prime z-filters {Vi : « G 5) is said to be non-redundant 
if for every proper subset T of 5, HiGT HieS Similar to ^ Lemma 3.4] we 
have the following. 

Lemma 3.4. Let {Pa '■ a ^ S) be a pseudo-finite family of prime z-filters on f2. 
Then the following are equivalent: 

(a) (Pq) is non- redundant; 

(b) ro.<^V(} {a^f3e S); 

(c) Clfi^a /''^ ^"-^^ a e S. 

Proof. Obviously, (c)=>(a)=J'(b). 

We now prove (b)=^(c). Fix a G S*. By condition (b), Vfj Pa {f3 e S \ {a}). 
Choose Zq G Ppg \ Pa for some /3o G S* \ {a}. Then, by the pseudo-finiteness, 
we have Zq G Pfj for all but finitely many /3 G 5. Let /3i, . . . , /?„ be those indices 
P G S \ {a} such that Zo ^ Pp. For each 1 < fc < n, choose Zk G Pp^ \ Pa, and set 
Z = ULo ^k. Then Z G P/3 (/3 G S" \ {a}), but Z ^ P^, by the primeness of Pa- 
Thus (c) holds. □ 

The following definition and proposition are adapted from [5] . 

Definition 3.5. Let ft he a locally compact space, and let S* be a non-empty index 
set. Let J- he a. z-filter on fl, and let {Za ■ a G 5) be a sequence of zero sets on il. 
Then J-^ is extendible with respect to {Za ■ a G 5") if both the following conditions 
hold: 

(a) Za T, and ZaU Zp G T {a ^ P G S); 

(b) for each Z e Z[Q], if Z U Za„ GT for some ao G S*, then Z U Z„ G for 
all except finitely many a G 5. 
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Proposition 3.6. Let Q be a locally compact space. Suppose that there exist a 
z -filter T and a family (Za : a S) in Z[Q] such that T is extendible with 
respect to (Za ■ a & S). Then there exists a pseudo-finite family of prime z- filters 
(Va '■ a € S) such that Za G PI^^^q ^7 \ /'-"" ^'^'^^ a ^ S. 

Proof. We see that the union of a chain of z-filtcrs, each of which contains J- and 
is extendible with respect to (Za), is also extendible with respect to (Za). Thus, 
by Zorn's lemma, we can suppose that J- is a maximal one among those z-filters. 

For each a, set jT^ = {Z e Z[n] : ZUZ^eT}, and set P = U^eS ^c.- By the 
extensibility of we see that whenever Z E V then Z G for all except finitely 
many a G 5. Thus, in particular, the set V is actually a z-filter. 

Claim 1: For each Zq G Z[n] \ V, we have {Z G Z[rj] : Z \J Z^ e T} ^ T . 
Indeed, we see that Za iz G = [Z Z[ri] : Z U G J^} (a G S)\ for otherwise, 
Zq would be in V. It then follows easily that Q is extendible with respect to [Za). 
This and the maximality of J- imply the claim. 

Claim 2: 7^ is a prime z-filter. We have to prove that, whenever Zi, Z2 G Z[il] 
are such that Zi U Z2 G "P, but Zi ^ then Z2 G V. Indeed, let ao E S he such 
that Zqq U Zi U Z2 G Then Zq.^ U Z2 G by the first claim, and so Z2 G Tao ■ 

Now, for each a G S", define 

Va^{Za^Z: Z G z[n]\v}. 

Then, by Claim 2, the set Va is closed under finite union. Obviously, Dq, r\Ta = 0- 
Thus, there exists a prime z-filter Va containing Ta such that Va C\Va = 0- 

We see that TadVadV and Z„ (^Pa (a e S). The result then follows. □ 

We now define a "prototype" space S. Denote by 00 the point adjoined to IN to 
obtain its one-point compactification The product space (IN'')'^ is a compact 
metrizable space. Define S to be the compact subset of (IN'')'^ consisting of all 
elements (ni, n2, . . .) with the property that there exists fc G W such that rii > k 
(1 < i < fc) and such that Ui = 00 (i > k). The convention is that cxd > n (n G IN). 

Lemma 3.7. [SJ Lemma 9.2] Let be a locally compact metrizable space. Suppose 
that there exists a point p G d'--°°'^ {il}') . Then there exists a homeomorphic embedding 
t 0/ S onto a closed subset of ft'' such that t(oo, 00, . . .) = p. 

A key to our construction is the result due to Sierpinski that there exists a family 
{Ea ■ a G c} of infinite subsets of IN satisfying the following properties: 

(i) ]N = U„ec^a, and 

(ii) Ea n Ej3 is finite for each a ^ /3 G c. 

We sketch the nice construction of such family as follows (cf. T]): The set M is 
isomorphic to 

00 

C= U {/:{!,. ..,n}^{l,2}}. 

n=l 

For each / : F {1, 2}, define 

Cf ^ {the restrictions of / to {1, . . . , rt} : (n G IN)} . 

We see that C — U/ in^{i 2} ^/ ^^'^ ^^^^ ^ finite for each f ^ g. We can 
then map back from C to IN. Inspecting the construction, we see that {Ea : a G c} 
enjoys the following property: 

(i') The cardinality of {a G c : n G Ea} is c for each n G M. 
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Lemma 3.8. There exists a non-redundant pseudo-finite family {Qa ■ a G c} of 
prime z-filters on S such that each z- filter is supported at the point (oo, oo, . . .). 

Proof. Let {Ea : a G c} be the family of infinite subsets of IN as in the previous 
paragraph. For each a e c, define 

Na = {(ji, j2, ■■■) €E: j„ = cx) (n G Ea)} . 

Let to be the z-filter generated by all Na U Np {a,(3 € c, a ^ P). We claim that 
T is extendible with respect to {Na : a € c); the proof will then be completed by 
applying Lemma [321 

Obviously, NaDNjS € T {a ^ (3). We claim that Na ^ T {a G z). Indeed, assume 
the contrary. Then there exist 71, ... , 7^ G c\ {a} such that Na D Hi" 1 ■ Since 
Ea is infinite whereas each Ea n E^. is finite, there exists / G Ea \ U"=i ■ We 
see that (ji) G Pli^li -^7; \ where ji = / and ji = 00 (i ^ I); a contradiction. 

Finally, suppose that iV G Z[S] such that N U Na G T for some a G c. Then, 
there exist 71, ... , 7^, G c \ {a} such that 



NUNaDf]N^,, and so ^DQiV^. \^a- 

1=1 1=1 

As above, there exists I £ Ea \ Ui!li^7i- We can then choose 7m+i, ■ • ■ ,7n G c 
such that 

n 

{1,...,1}C\JE^^. 

1=1 

We claim that TV D nr=i ^7. ■ Indeed, let (ji) G fllLi ^7. ■ Then ji = ■ ■ ■ = ji = 00. 
We see that there exists k > I such that ji > k (1 < i < k) and ji — 00 {i > k). 
For each r G IN, set j^^^ — ji {i ^ I) and set jj^^ — k + r. Then, we see that 
G nlli ^7, \Na^N and Hm^(jf' ) = (j,)- Thus {ji) G iV. Hence, for each 
^G c\{7i,...,7„}, wehave A^UTV/j G J^. □ 

Theorem 3.9. Let n be a locally compact metrizable space. Suppose that p G 
d'-°°\n^). Then there exists a non-redundant pseudo-finite family {Va '■ a G c) 0/ 
prime z-filters on fJ, each z-filter is supported at p. 

Moreover, by setting Pa — Co{n) n Z~^[Pa], we obtain a non-redundant pseudo- 
finite family of prime z-ideals in Co{n), each ideal is supported at p, such that 



Co{n) n^Pc 



aG c 



= C. 



Proof. In this proof, we shall identify S with a closed subset of Vl such that 
(00, 00, . . .) is identified with p; in the case where p G fJ, we can further assume 
that S C O (cf. Lemmas 13. 7p . 

Let {Qa '■ a G c) be the family of prime z-filters on S as constructed in Lemma 
13.81 For each a G c, set 

Va = {ze z[n] : {z u M) n s g Q„} . 

Note that every closed subset of S is in Z [E] , so we can see that each Va is a prime 
z-filter on The pseudo-finiteness of {Va : a G c) and of {Pa : a G c) then follows 
from that of {Qa)- The cardinaHty condition follows from the fact that |C(S)| = c. 
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By the non-redundancy of {Qa ■ a € c), for each a G c, there exists 

VV„ e fl Q/3 \ Qa- 

By the Urylson's lemma, wc can find Za G Z[H] such that {Z^ U {p}) n S = TV^; wc 
can even require Q\Za to be a-compact so that Z^ = Z{fa) for some fa G Co(f2). 
Thus we see that 

Za& n r0\Va and /aS f| P/3 \ Pa- 

Finally, we shall prove that each Pa (and hence each Pa) is supported at p 
{a G c). Indeed, in the case where p is the point at infinity of ft, for each x G fl, 
there exists N S Qa such that x ^ N. Wc can then find Z e Z[f7] such that x ^ Z 
and that U {p}) n S = A'^. Thus Z €Pa and x ^ Z. So T'a is support at infinity. 
On the other hand, in the case where p € fl, let Z £ Pa be arbitrary. Then ZnS is 
closed in S, and so it is in Z[S]. Since {p} E Z[S] \ Qa, we deduce that ZCiE G Qa- 
Hence, p E Z , and thus Pa is supported at p. □ 

Corollary 3.10. Let p G E,''. There exists a family {Pa : a G c) of prime z-ideals 
in Co (m) with the following properties: 

• If f & Pag for some ao G c, then f G Pa for all but finitely many a G c; 

• ria^^oo P» ^"0 ^or each ao G c; 

• each Pa is supported at p. □ 

There are many countable compact metrizable spaces f2 with 9^°°)^ ^ 0. We 
note as a specific example the following countable compact subset of [0, 1] : 

A = {0} U < ^ 2 : fc, m, 712, rife G IN and k < m < ■ ■ ■ < Uk 

Corollary 3.11. There exists a family {Pa : a G c) of non-modular prime z-ideals 
in Co(A \ {0}) with the following properties: 

• If f G Pao for some ao G c, then f G Pa for all but finitely many a G c; 

• Cla^ao ^ -P«o fo'^ eac/i ao G c. □ 

4. Well-ordered decreasing chains of prime ideals and prime ^-filters 

Let n be a metrizable locally compact space. If = for some n G IN, 

then it can be seen that every chain of prime z-ideals in Co{Q) or prime z-filters on 
has length at most n. Hence, in this section we shall suppose that d^°°^fl^ ^ 0. 
In the following, S is the compact subset of (W'')''^ defined in the previous section. 
Also, our convention is that max0 is smaller and min0 is bigger than everything, 
and that Hae© is the whole space (i.e. S in the next lemma) and IJ^^gg Na = 0. 

Lemma 4.1. There exists a family {Na)aec of zero sets on E! satisfying that, for 
every 7 G c and disjoint finite subsets F and G of c, we can find a finite subset H 
of c with the properties that 7 < min H and that 

{^N0\[[jNa)^ n Np. 

/3gG a^F ISeGUH 

Proof. Recall from the previous section that there exists a family {Ea : a G k) of 
infinite subsets of IN satisfying: 
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(a) Ea n Ep is finite for each a 7^ /? G k, and 

(b) the cardinality of {a G c : n G Ea} is c (n G IN). 
Similar to Lemma l3.8i we define, for each a G c, 

= {(ii, J2, . . .) e S : j„ ^00 {n€ Ea)} . 

Let G be a finite subset of k and let a, 7 G c. Then, there exists I G i?a\U/3eG 
Since the cardinality of {/3 : /3 < 7} is less than c, by (b) above, we can find a finite 
subset if of c such that 7 < min H and that 

{1,...,1}C U E0. 

l3eGUH 

Then, similar to Lemma \3M we see that 

l3eG fJeGuH 
The general case follows by induction. □ 

Theorem 4.2. Let fl be a metrizahle locally compact space, and let p G d^°°''Q!' . 
Then there exists a well-ordered decreasing chain {Qa '■ a G c) oj prime z-filters 
on each supported at p. 

Furthermore, by setting Qa = Co{n) O Z~^[Qa], we obtain a well-ordered de- 
creasing chain (Qa '■ a G c) of prime z-ideals in Co(r2) each supported at p. 

Proof. Similar to Theorem 13.91 wc shall identify S with a closed subset of fi^ such 
that (cxD, cxD, . . .) is identified with p; in the case where p G il, we can further assume 
that S C (cf. Lemmas 13. 7|) . 

Let {Na : a G c) be the family of zero sets on S as constructed in Lemma HTTl For 
each a G c, choose Za — Z(/q) for some fa G Co(il) such that {Za U {p}) nS = Na- 
Also, define 

Ta = Iz (E Z[n] : ZU{p}D f] Np^ for some a < . . . , /3„ G c 

I i=l 

Then {Ta) is a decreasing c-sequence of z-filters on fJ; Za G Ta but Za ^ 
(a < /3 G c). 
Set 

= {z G zp : (Z U {p}) n S = {p}} . 

Then is closed under taking finite union. Also, since V^. D ~ 0, there exists 
a prime z-filter Qo on Q containing such that Qo H = 0. Let 7 G c. Suppose 
that we have already constructed a well-ordered decreasing chain (Qa : a < 7) 
of prime z-filters on fi such that J-q C Qa (a < 7)- If 7 is a limit ordinal, set 
Q-y — r\a<j Consider now the case where 7 = a + 1 for some a. Set 

V.y^{ZUZa: Z G Z[n] \ Qa}. 

Then is closed under taking finite union. Also, we have Jv, n T>^ = 0; since 
otherwise, there exist Z G Z[ri] \ Qa and a finite subset G of c such that 7 < minG 
and that 



Z U ZaU {p} D f] Np which implies that Z U {p} D f] Np\Na D f] 
flea i3eG pgh 
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for some finite subset H oi c with 7 < mini/, by Lemma [4.11 or Z £ JT^ C Qa a 
contradiction. Therefore, there exists a prime z-filter such that J-^ C Q-y and 
Qj n 2?^ = 0. We see that, in this case, C and Za ^ Q^- Thus, in both 
cases, the construction can be continued inductively. 

Setting Qa = Co{n) D Z"^[Q„]. Then ^ for e Co(f^) such that Z(/) e 
2?,, and, for each 7 = a + 1 e c, we have fa G Qq \ Q-y- It follows that the chain 
{Qa ■ a € c) is decreasing. 

The statement on support point follows from the fact that Haec = {p}- O 

It was proved in 3, Theorem 13.2] that starting from any non-minimal prime 
z-filter containing a countable zero set on R there exists a well-ordered decreasing 
full wi-sequence of prime z-filters such that each prime z-filter contains a countable 
zero set. However, besides that wi < c in the absence of the Continuum Hypothesis, 
the union of those countable zero sets are not countable, and thus that wi-sequence 
says nothing about uncountable chains of prime z-filters on countable spaces. 

Corollary 4.3. Let A be any countable compact subset o/R such that d^°°''A ^ 0. 
There exists a well-ordered decreasing chain of order type c of prime z-filters on R 
such that each prime z -filter contains A. □ 

We now look for longer chains. We shall need to restrict to uncountable locally 
compact Polish spaces. Note that for any well-ordered decreasing chain of order 
type K of prime z-filters on ft or prime ideals in Co{^l), where is in addition 
cr-compact, k must have cardinality at most c. 

Lemma 4.4. Let k be an ordinal of cardinality c. There exists a family {Na)ai£K 
of zero sets on (IN'')''^ such that for every disjoint finite subsets F and G of k, we 



Theorem 4.5. Let il he an uncountable locally compact Polish space. Let k be an 
ordinal of cardinality c. Then there exists a well-ordered decreasing chain (Qa '■ 
a d k) of prime z-filters on fl. 

Furthermore, by setting Qa = Co(f^) H [Qa], we obtain a well-ordered de- 
creasing chain (Qa '■ a G k) of prime z-ideals in Co(r2). 

Proof. Every uncountable Polish space contains a closed subsets homeomorphic to 
the Cantor space {0, 1}'^, which in turn contains a copy of (M^)'^. Thus, we shall 
identify (IN^)"^ with a closed subset of X of where (00, 00, . . .) is identified with 
some point p. Let {Na ■ a € k) be the family of zero sets on X as constructed in 
Lemma Define 



The remaining of the proof is similar to that of Theorem [421 but applying Lemma 



have 



fl 7V„ \ ( U 7V^) = fl Na. 



aeF l3eG aeF 

Proof. Similar to (but simpler than) that of Lemma 14.11 



□ 




14.41 instead of Lemma 14.11 



□ 



Corollary 4.6. Let k be any ordinal of cardinality c. Then: 
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(i) There exists a well-ordered decreasing chain of order type k of prime z- 
filters on R starting from any non-minimal prime z-filter. 

(ii) There exists a well-ordered decreasing chain of order type k of prime z- 
ideals in Co(Il) starting from any non-minimal prime z-ideals. 

Proof, (i) follows from the theorem and [3l Theorem 12.8], and (ii) follows from (i) 
and the fact that every zero set on R is the zero set of a function in Co(R). □ 

5. Well-ordered increasing chains of prime ideals and prime z-filters 

Let ri be a metrizable locally compact space. Similar to the previous section 
we shall only consider the case where d^^^^Vi' ^ 0. Recall that there are many 
countable compact space satisfying this condition. First we shall prove a general 
construction. 

Definition 5.1. Let n be any ordinal, and let [Za '■ a £ k) be a family of zero 
sets on n. A zero set Z is said to have property (A) (with respect to the family 
[Za ■ a G k)) if for every (possibly empty) finite subset F oi k and every e k 
with maxi^ < /3 then 

zn f]z^(^Z0. 

A zero set Z is said to have property (B) [with respect to the family {Za : a G k)) 
if whenever Z = IJiLi ^« ^'^^ some Zi, . . . , Z„ G Z[f7] then there exists 1 < fc < n 
such that Zk has property (A). 

Lemma 5.2. Let k be any ordinal, and let [Za ■ a ^ k) be a family of zero sets 
on fl. Suppose that J- is a z-filter on fl such that every element of T has property 
(B) with respect to (Za ■ a G k). Then there exists a well-ordered increasing chain 
(Qa ■ a ^ k) of prime z-filters containing T such that Za ^ Qa but Za G Qfj 
(a < (3 e k). 

Proof. Let V be the collection of all zero sets not having property (B). Then ob- 
viously V is closed under finite union and {Za ■ a ^ n) d V. Since T f]!) — 
there exists a prime z-filter Qo such that T <Z Qq and Qo H I? = 0. We then 
define Qa to be the z-filter generated by Qo and {Z^ : 7 < a}. It follows that Qa 
is a prime z-filter, Qa C Q/3 and Za € Qp {a < P € k). We need to show that 
Za ^ Qa (ck G k) (and thus (Qa) is increasing). Assume towards a contradiction 
that Za G Qa for some a £ k. Then, there exist G Qo and a finite subset F of 
{7 : 7 < a} such that 

ZaD Nn f] Z^. 

This implies that N dV a. contradiction. □ 

Lemma 5.3. There exists a family {Na)aet of zero sets on S satisfying that S has 
property (B) with respect to {Na ■ a G c). 

Proof. Let {Ea : a G c) and (A^^ '■ a G c) be defined as in Lemma H?T] 

We shall prove a little stronger statement. Assume towards a contradiction that 
there exists Zi, . . . , Zn & Z[S] such that S = UiLi and that, for each 1 < i < n, 
there exist finite subsets Fi and Gi of k, with max Fi < min d such that 

Z,n f] Nad U Nfj. 
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Without loss of generality, we can suppose that 

max Fi < max F2 < . . . max Fn . 

Fix 7 e c such that 7 > maxGi {I < i < n). We shall prove by induction that 
there exist finite subsets Hi of c with 7 < min Hi such that 

k—l n 

n n Nc.c[jz, (i<fc<n+i). 

i=l aeFiUHi i=k 

This is obviously true when k = 1 since both sides are S. Suppose that the above 
is true for some k < n. Then we see that 

k-l n 
i=l aGFiUHi a£Fk /SSGfc i=k+l 



Because 



k-l 



Gfc n ( U i^, u U i/, 

\i=i i=i ' 

by Lemma 14. 1[ there exists a finite subset H\^ of c such that min H^ > 7 and that 



k k— 1 n 

n n ^ n n n n \ u ^ u 

i=la£FiUHi i=l a£FiUHi oGFfc PeGk i=k+l 

Thus, the induction can be continued, and so, for fc = n + 1, we have 

n 

n n ^« ^ 0; 

1=1 aGFiUHi 

this is a contradiction. □ 

Theorem 5.4. Let be a metrizable locally compact space, and letp e 
Then there exists a well- ordered increasing chain {Qa : a € c) of prime z-filters on 
each supported at p. 

Furthermore, by setting Q^. = Co{Q)riZ^^[Qa], we obtain a well-ordered increas- 
ing chain (Qq : a G c) of prime z-ideals in Co(f2) each supported at p. 



Proof. Similar to Theorem 13.91 we shall identify S with a closed subset of such 
that (00, 00, . . .) is identified with p; in the case where p S f2, we can further assume 
that S C (cf. Lemmas 13.71) . 

Let {Na ■ a S c) be the family of zero sets on S as constructed in Lemma [5731 For 
each a E c, choose Za — Z(/q) for some fa S Co{Q) such that {Za U {p}) n S = Na- 
It follows that has property (B) with respect to {Za ■ a € c). Thus, by Lemma 
5.21 where T = {f^}, there exists a well-ordered increasing chain {Qa : a G c) of 
prime z-filters such that Za ^ Qa but Za E Qp {a < f] E c). 

The rest is similar to Theorem 14.21 □ 



Corollary 5.5. Let A be any countable compact subset o/R such that c)(°°)A =/= 0. 
There exists a well-ordered increasing chain of order type c of prime z-filters on R 
such that each prime z -filter contains A. □ 

For longer chains, as in fJH we need to restrict to uncountable locally compact 
Polish spaces. Again, in the case where is in addition cr-compact, it will restrict 
the ordinal k under consideration to have cardinality at most c. 
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Lemma 5.6. Let k be an ordinal of cardinality c. There exists a family {Na)aeK of 
zero sets on (]N^)^ such that (IN^)^ has property (B) with respect to {Na '■ a € k). 

Proof. Similar to Lemma lS.Sl here we apply Lemma 14.41 instead of Lemma |4. II □ 

Theorem 5.7. Let be an uncountable locally compact Polish space. Let k be an 
ordinal of cardinality c. Then there exists a well-ordered increasing chain [Qa '■ 
a d k) of prime z-filters on f2. 

Furthermore, by setting Qa = Co{^)r\Z^^[Qa], we obtain a well-ordered increas- 
ing chain [Qa ■ a £ k) of prime z-ideals in Co(ri). 

Proof. Similar to previous proofs. □ 

Corollary 5.8. Let k be any ordinal of cardinality c. Then there exists a well- 
ordered increasing chain of order type k of prime z-filters on R. □ 
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